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Introduction
Now both GLAP [1] and BFKL [2] equations are used to describe the parton distributions n i (x) at the small Bjorken variable x. The next to leading corrections to the GLAP equation are well known. On the other hand, the program of calculating the next-toleading corrections to the BFKL equation was formulated comparatively recently [3] . In this paper we consider these corrections from the real gluon and quark production.
In each order of the perturbation theory the main contribution to the total cross-section σ tot for the high energy collision of particles with momenta p A and p B results from the multi-Regge kinematics for the final state gluon momenta k 0 = p A ′ , k 1 , ..., k n , k n+1 = p B ′ (see Fig.1 ):
where k i⊥ are transverse components of momenta k i .
In the leading logarithmic approximation (LLA) the n-gluon production amplitude in this kinematics has the multi-Regge form [2] :
where j = 1 + ω(t) is the gluon Regge trajectory and
The infrared divergencies in the Regge factors s ω(t i ) cancel in the total cross section with contributions from the real gluons. The production amplitude for the gluon-gluon scattering in the tree approximation has the following factorized form 
Here a, b and a ′ , b ′ , d r (r = 1, 2...n) are colour indices for initial and final gluons correspondingly. T 
are the reggeon-particle-particle (RPP) and reggeon-reggeon-particle (RRP) vertices correspondingly; e(k r ) is the polarization vector of the produced gluon. The quantity λ r = ±1 is the helicity of the gluon r in the c.m.system. In LLA the s-channel helicities of colliding particles are conserved. The effective nonlocal RRP vertex C(q 2 , q 1 ) is given below [2] C(q 2 , q 1 ) = −q 1 − q 2 + p A ( q 2 1
It has the important property corresponding to the current conservation (k 1 ) µ C µ (q 2 , q 1 ) = 0,
which gives us a possibility to chose an arbitrary gauge for each of the produced gluons. For example, in the left (l) light cone gauges, where p A e l (k) = 0 and ke l (k) = 0, one can use the following parametrisation of the polarization vector e l (k)
in terms of the two dimensional vector e l ⊥ . In this gauge the RRP vertex takes an especially simple form, if we introduce the complex components e = e x + ie y , e * = e x − ie y and k = k x + ik y , k * = k x − ik y for transverse vectors e 
The integral kernel of the BFKL equation in LLA is expressed in terms of the product of the effective vertices (real contribution) and the gluon Regge trajectory (virtual contribution). The above complex representation of the effective vertex was used in ref. [4] to construct an effective scalar field theory for the multi-Regge processes. It was derived recently from QCD by integrating over the fields which correspond to the highly virtual particles produced in the multi-Regge kinematics in the direct channels s i [5] . The total cross-section calculated in LLA using the above expressions for production amplitudes grows very rapidly as s ω (ω = (g 2 N c /π 2 ) ln 2) and violates the Froissart bound σ tot < c ln 2 s [2] . One of the possible ways of the unitarization of the scattering amplitudes corresponds to the solution of the BKP equations [6] for multi-gluon compound states. These equations have a number of remarkable properties, including conformal invariance [7] , holomorphic separability [8] , and existence of nontrivial integrals of motion [9] . The Hamiltonian for the corresponding Schrödinger equations coincides with the Hamiltonian for a completely integrable Heisenberg model with the spins belonging to an infinite dimensional representation of the noncompact Möbius group [10] .
All these results are based on calculations of effective Reggeon vertices and the gluon Regge trajectory in the first nontrivial orders of perturbation theory. Up to now we do not know the region of applicability of LLA including the intervals of energies and momentum transfers fixing the scale for the QCD coupling constant. The simple form of the BFKL equation summing contributions of the Feynman diagrams describing the Pomeron as a compound state of two reggeized gluons is valid also in the next-to-leading approximation. To go beyond LLA the Born amplitudes for a quasi-multi-Regge kinematics of produced gluons were calculated [3] and one-loop corrections to the reggeon-reggeon-particle vertex were found [11, 12] . Also two loop contributions to the gluon Regge trajectory were calculated [13] . For the total correction to the BFKL equation only the contribution related to the production of a pair of gluons or quarks with a fixed invariant mass is not known. This paper is devoted to the solution of this problem.
It is enough to consider the simplest process, in which in the final state we have two gluons with momenta p A ′ and p B ′ almost coinciding with momenta p A and p B of initial gluons and a group of particles in the central rapidity region (see Fig.2 ). The momenta q 1 and q 2 of virtual gluons in crossing channels t 1 and t 2 in this kinematics can be decomposed as follows:
where β and α are the Sudakov parameters of the total momentum k = n i=1 k i for the produced particles:
and √ κ is their invariant mass which is asumed to be fixed at high energies: κ ≪ s.
The production amplitude in this kinematics has a factorised form and it is expressed in terms of the scattering amplitude for two virtual gluons which are reggeized after taking into account the radiative corrections. For its gauge invariance in a general case of the multi gluon production one should introduce an infinite number of the induced vertices for the interaction of the reggeised gluon with usual gluons. The Feynman rules for these vertices can be derived from the effective action [14] local in the particle rapidities
Here the fields A ± and v α are the anti-hermitial SU(N c )-matrices describing the reggeised and usual gluons correspondingly; v ± are the light-cone components of v α . The quantities A ± (v ± ) are the composite fields expressed through the gluon fields v ± entering in the Wilson P -ordered exponents:
The reggeon fields obey to the additional constraint ∂ ∓ A ± = 0 , which is important for the gauge invariance of the effective action. We should add to the usual Yang-Mills action
µν (v) also the term which describes the quark interactions. Similar to the pomeron case [15] one can construct the Reggeon calculus in QCD for the Reggeon fields A ± starting from the above effective action and integrating the functional integral over the gluon fields v [14] . Because A ± (v ± ) has a linear term in v ± the classical extremum of S ef f is situated at non-vanishing values of v satisfying to gauge-invariant Euler-Lagrange equations. Using the gaussian approximation for the quantum fluctuations near this classical solution one could find one-loop corrections to the BFKL kernel in an independent way in comparison with the dispersion method of refs. [3] , [11] . The possible advantage of this approach could be a better infrared convergency of intermediate expressions.
In the next section we reproduce the gluon and quark production amplitudes in the quasi-multi-Regge kinematics. In the third section the properties of the amplitudes with the definite helicities of the final particles are discussed. In the fourth section the real corrections to the BFKL equation are constructed in terms of the integrals from bilinear combinations of helicity amplitudes. In the fifth section the infrared divergencies in the integrals over momenta of produced particles are extracted and regularized. In Conclusion the obtained results are discussed.
2 Gluon and quark pair production in the quasi-multiRegge kinematics
It is known (see [3] , [14] ) , that the gluon production amplitude A 2→4 in the quasi-multiRegge kinematics for final particles is expressed through the tensor A α 1 α 2 describing the transition of two reggeized gluons with momenta q 1 , −q 2 into two real gluons with momenta k 1 , k 2 :
Here p
√ s are the light-cone components of the colliding particle momenta. The invariants t i are expressed through momentum transfers:
i⊥ . a, b and a ′ , b ′ are the colour indices of initial and scattered gluons correspondingly. The helicity λ i of each colliding particle is conserved (λ i = λ i ′ ). The matrices T are the colour group generators in the adjoint representation with the commutation relations:
The produced gluons with the Sudakov momenta k
have the colour and Lorentz indices d i and α i correspondingly. The tensor
can be written as the sum of contributions of several Feynman's diagrams (see Fig.3 ) [14] :
where we have g 00 = −g ii = 1 for non-zero components of g α 1 α 2 and the light-cone vectors
enters also in the effective vertices [2] :
Let us consider the gauge properties of A α 1 α 2 . Taking into account that particles 1 and 2 are on the mass shell and using the Ward-Slavnov identity for the production vertex:
we can perform in k
With the use of the expression for the light cone projection of the Yang-Mills vertex
one can derive the Ward-Slavnov identity for the scattering vertex:
¿From above relations we obtain the following gauge property of A α 1 α 2 :
It means, that the production amplitude A 2→4 multiplied by the gluon polarization vectors e(k i ) is gauge invariant and the contribution of the Faddeev-Popov ghosts to the final state is fixed. However, instead of working with a covariant gauge we shall use the light-cone gauges different for two produced gluons [14] :
The polarization vectors can be parametrized as follows
corresponding to the polarization matrices
In these gauges for e(k i ) the matrix element of the tensor A α 1 α 2 can be expressed in terms of a new tensor a α 1 α 2 with pure transverse components using the definition:
To find this tensor we should perform the following substitutions in the above expressions:
In an explicit form the tensor a α 1 α 2 after the suitable renormalization is given below (see [14] ):
where
The amplitude of producing a pair of massless quark and antiquark with their momenta k 1 and k 2 correspondingly also can be written as a sum of two terms being the matrices in the spin and colour spaces:
where t c are the colour group generators in the fundamental representation and the expressions for b(k 1 , k 2 ) and b T (k 1 , k 2 ) are constructed according to the Feynman rules including the effective vertices (see the diagrams of Fig.4 describing b(k 1 , k 2 ) ) [14] :
We have the following relations valid for q ⊥ 1 → 0 :
Therefore using the Dirac equations for the spinors:
one obtains that the quark production amplitude vanishes in the limit of small q
analogously to the gluon case (see below). It is convenient to present the wave functions u(k 1 ) and v(k 2 ) of the produced quark and antiquark correspondingly as linear combinations of four definite spinors [5] 
These spinors have the properties:
and σ i are the Pauli matrices. Note, that γ ± = γ 0 ± γ 3 and γ 0 = γ 0 , γ i = −γ i . The quark and anti-quark eigenstates of the matrix γ 5 :
are described correspondingly by the spinors u (±) (k 1 ) and v (±) (k 2 ) with positive and negative helicities λ = ±
By definition we have
This current is conserved:
3 Final state particles with definite helicities and the complex transverse momenta Using the reality condition sα i β i = − → k i 2 for the produced gluons i = 1, 2 to exclude the Sudakov parameters α i one can present the tensor c α 1 α 2 only in terms of transverse momenta − → k i , − → q i and the relative parameter x =
is the Kroniker tensor (δ 11 = δ 22 = 1) and
The imaginary part of the elastic scattering amplitude calculated with the use of the schannel unitarity condition in terms of the squared production amplitude A 2→4 contains the infrared divergences at small k 2 i⊥ and κ. To avoid such divergencies the dimensional regularization
is used in the gauge theories. In the previous papers [11 − 13] we calculated in this regularization the next to leading corrections to the production amplitude in the multiRegge kinematics for the final particles. In the D-dimensional space the gluon has D − 2 degrees of freedom. In our case the transverse momenta − → q 1 , − → q 2 of the reggeized gluons form a plane in the D − 2 -dimensional space for the polarization vectors − → e ⊥ . Two states described by the vectors − → e ⊥ belonging to this plane can be considered as the physical states. Other D − 4 states are the auxilliary states necessary for the regularization. For D → 4 their contribution in the region of fixed k i⊥ and κ becomes negligible.
We begin with the physical contributions from the region of non-vanishing k i⊥ and κ where the transverse subspace can be considered as two-dimensional one. The singular region of small k i⊥ and κ will be discussed later. Let us introduce the complex components of the tensor c α 1 α 2 directly related with the amplitudes for producing the gluons with equal and opposite helicities correspondingly (independently this result was obtained also in ref. [16] ):
The above expression for c α 1 α 2 can be presented in the following form:
One can verify, that these expressions have the following symmetry properties:
under the simultaneous substitutions
corresponding to the left-right symmetry:
In the Regge regime of small 1 − x and fixed k i , q i amplitudes c α 1 α 2 are simplified as follows
and are proportional to the product of the effective vertices Γ +−β in the light-cone gauge [4] . For x → 0 the amplitudes c +− (k 1 , k 2 ) and c ++ (k 1 , k 2 ) vanish, but for simultaneously small k 1 or k 1 − x∆ one obtains from them a nonzero integral contribution because in this region there are poles:
For large k 1 and fixed q i , x we obtain
and therefore the integrals for the cross section of the gluon production do not contain any ultraviolet divergency.
As it is seen from above formulas, c α 1 α 2 contains infrared poles at small − → k 1 :
and at small
It is obvious, that the amplitude c
for q 1 → 0 and as follows
for q 2 → 0. The last expression can be obtained from previous one with the use of the above left-right symmetry of c ++ (k 1 , k 2 ). Let us return now to the quark-anti-quark production and renormalize the amplitude as follows
Then the factor c(k 1 , k 2 ) is given below:
It can be written as follows
For large values of k 1 this expression decreases rapidly:
The amplitude c(
for − → q 1 → 0 and
for − → q 2 → 0 correspondingly. The last expression can be obtained from previous one if we take into account that under above left-right symmetry transformations c(k 1 , k 2 ) is changed as follows
4 Squared production amplitudes
The total cross-section of the gluon production is proportional to the integral from the squared amplitude ψ
summed over all indices. It is expressed in terms of the quantity
where the tensor Ω α i α i ′ interchanges the left and right gauges (see [4] ):
Above we took into account that the colour factor for the interference term is two times smaller than one for the direct contributions. The generalized BFKL equation for the virtual gluon cross-section can be written in the integral form as follows
where the integration region over the longitudinal momentum q + 2 is restricted from above by the value proportional to q
The intermediate infinitesimal parameter δ > 0 is introduced to arrange the particles in the groups with strongly different rapidities (see [14] ). The integral kernel
takes into account the interaction among the particles incide each group where δ plays role of the ultraviolet cut-off in their relative rapidities. The kernel K δ can be calculated in the perturbation theory:
The real contribution to the kernel in the leading logarithmic approximation is proportional to the square of the effective vertex:
The corresponding virtual contribution is proportional to the gluon Regge trajectory ω(− − → q 2 1 ). The next to leading term in K δ related with the two gluon production is given below
The limits in the integral over x correspond to a restriction from above for the invariant mass √ κ of the produced gluons. In the solution of the generalized BFKL equation the dependence of δ should disappear. For the physical value D = 4 of the space-time dimension one can express R in terms of the contributions from the states with the definite helicities:
Here we have used the following relation between the polarization vectors in the right and left gauges [4] :
to express all helicity amplitudes in terms of two complex functions c +− (k 1 , k 2 ) and c ++ (k 1 , k 2 ) given above. One should also take into account the following relations:
The various bilinear combinations of the functions c +− and c ++ needed to calculate R(+−) and R(++) are given in Appendix. The ultraviolet divergencies at large k 1 which appear in some contributions are cancelled in the sum.
At small k 1 and fixed x we obtain:
In this region the interference terms are convergent. The quantity R at small − → k 1 and fixed x can be calculated in the D-dimensional space-time:
which gives a possibility to regularize the infrared divergency at k 1 → 0. At small k 1 − x∆ and fixed x we obtain for the bilinear combinations of c +− :
The bilinear combinations of c ++ in the same region are simplified drastically:
The quantity R at small − → k 1 −x − → ∆ and fixed x can be calculated for an arbitrary dimension D of the space-time if we take into account that the tensor c α 1 α 2 (k 1 , k 2 ) is simplified in this limit:
This expression has the important symmetry property:
which in particular means, that at k → x∆ the interference is destructive:
and
Let us write c as a sum of three terms:
where the trace of the matrix c
These terms do not interfere each with others:
and for k 1 → x∆ their contributions are
for the singlet term,
for the antisymmetric tensor and
for the symmetric traceless tensor correspondingly. Note, that the total sum R is especially simple:
We shall use this fact in the next section.
In the physical case D = 4 the quantities R (i) can be expressed in terms of the contributions from the definite helicity states:
It allows us to regularize the integrals for K (2) gluons in this kinematical region. As it is seen from above formulas for the bilinear expressions containing c α 1 α 2 (k 1 , k 2 ), simultaneously with the infrared singularity in the integral over k 1 we have the divergency at x = 0 and x = 1. The divergency at x = 1 is related with the Regge limit κ → ∞. The divergency at x = 0 has an infrared origin. The bilinear combinations of c α 1 α 2 can be simplified in this infrared region of small k 1 and x:
This singularity also can be regularized because one can calculate R in the D-dimensional space:
using the approximate expression for c α 1 α 2 (k 1 , k 2 ) and c α 2 α 1 (k 2 , k 1 ) in the region of small x and k 1 :
We write down also the expression for R in the Regge region of small 1 − x and fixed − → k 1 for arbitrary D:
Let us return now to the quark-antiquark production. The total cross-section of this process in accordance with the normalization condition for spinors is proportional to the integral from the expression:
where we put δ = 0 because the integral in x is convergent at x = 0 and x = 1. The expression for L with corresponding colour factors is given below:
Here two equal contributions from two different helicity states of the quark-anti-quark pair were taken into account. Note, that in the limit of large N c the quark contribution is smaller than gluon one and the interference term is suppressed by the factor 1/N 2 c in comparison with the direct contribution.
The bilinear combinations of the function c(k 1 , k 2 ) entering in L are given in Appendix. In the region of − → k 1 → x − → ∆ the interference for quarks is constructive (contrary to the gluon case):
We can find the asymptotic behaviour of bilinear combinations of c(
It gives us a possibility to regularize the infrared divergency. Futher we use the traditional prescription tr (1) = 4 for the spinor space in the D-dimensional coordinate space.
Infrared and collinear divergencies
The gluon and quark production cross-sections contain infrared divergencies which should be cancelled with the virtual corrections to the multi-Regge processes. Using the expressions for products of amplitudes c +− presented in Appendix, we can calculate R(+−) for D = 4:
As for the bilinear combinations of c ++ , we write them as sums of singular and regular terms:
where the singular terms are chosen in accordance with the previous section as follows:
They are written in terms of products of the amplitudes c +− from Appendix, which allows us to take into account their singularities in a simple form. For the total sum R sing = R(+−) + R sing (++) we obtain for D = 4:
The singular contribution R sing contains all infrared and Regge singularities of R. It decreases rapidly at large k 1 . Integrals from the regular terms are convergent everywhere.
At fixed x the quantity R has singularities at
According to the results of the previous section one can find it for an arbitrary dimension D of space-time at small k i and k 1 − x∆:
after averaging over angles. The integration over these infrared regions gives the result:
where µ is the renormalization point and Λ ≪ |∆| is an intermediate cut-off parameter:
In the integral over the region
The total contribution for fixed x is
In the regions of small x or 1 − x one should substitute R sing by 2R(+−) and integrate it over D − 2 dimensional transverse space:
Using the above formulas we can integrate the result also over x taking into account, that the intermediate parameter δ should be considered as small as possible, because the virtual corrections to the amplitudes in the multi-Regge kinematics were calculated under this condition. In particular it means, that the contribution from the region of small x and 1 − x is proportional to the expression:
for small σ and D → 4. Thus, we obtain finally the following contribution from R sing after its dimensional regularization:
where it is implied, that the terms of the order of value of D − 4 should be omitted.
The infrared divergencies at D → 4 in the above formulas should be cancelled with the contribution from one-loop corrections to the Reggeon-Reggeon-particle vertex [11] . Let us consider the region of small ∆:
which can lead to the infrared divergency in the generalised BFKL equation as it was in the case of LLA. Here the essential integration region corresponds to the soft gluon transverse momenta:
where q means q 1 or q 2 . The expressions for c +− (k 1 , k 2 ) and c ++ (k 1 , k 2 ) in the soft region are given below:
If we write down c
by extracting its singularity at − → k 1 → 0, the following symmetry property of it can be verified:
Using this relation we obtain for the bilinear combinations of c ++ sof t (k 1 , k 2 ) the following expressions
As it was done in a general case of fixed ∆ the bilinear combinations of c ++ sof t (k 1 , k 2 ) can be presented in the following form:
where the singular soft contributions are defined as follows
The bilinear combinations of amplitudes c +− sof t are obtained from formulas of Appendix:
and r s is derived from r at ∆ → 0:
The result of integration of the singular soft terms with taking into account the contribution of c +− and the dimensional regularization can be obtained from the general case of fixed ∆ by putting ∆ → 0:
The regular soft terms do not contain any divergency. Their contributions are proportional
For the interference term we use the following relation which can be derived from above equations:
Re c
(134) Due to this relation we have
The total contribution of the singular and regular terms in the soft region ∆ → 0 is
Since the integration over ∆ in the generalised BFKL equation leads to the infrared divergency at ∆ = 0 for D → 4 , it would be useful in the soft region ∆ → 0 to obtain the contribution of the real gluon production taking into account terms vanishing at D → 4. It can be done starting with the following expression for the tensor c α 1 α 2 (k 1 , k 2 ) (see Eq.(55)) in the soft region:
Using above equations we obtain
Performing integration we obtain for arbitrary D:
, and
Note, that it is possible to modify the definition of the soft and hard parts of c
in such way to include in the comparatively simple expression for c ++ sof t (k 1 , k 2 ) all singular terms without the loss of its good behaviour at large k 1 . In the Regge limit x → 1 and fixed k i we obtain
and therefore in this region the contributions of the exact amplitude c ++ and approximate one c ++ sof t to the differential cross-section coincide. However, as a result of the singularity at k 1 = x∆ after integration over k 1 these contributions to the total cross-section in the Regge limit x → 1 turn out to be different (see below).
One can verify the following relation:
which can be used to simplify the interference terms after the subtraction of the above singular terms:
The result of the integration of this contribution is
where we introduced the infinitesimal parameter δ different from δ to show, that the divergency at x = 1 of the regularized bilinear combinations of c should cancel in the total regularized contribution of c. This cancellation will be demonstrated in the next paper.
We return now to the quark production amplitude c(k 1 , k 2 ) and present it in the form analogous to the gluon case:
where the singular and regular terms are chosen as follows
The term c reg does not lead to any divergency and give a regular contribution to the BFKL kernel at the soft region ∆ → 0. The singular term c sing has the important symmetry property:
which is obvious from its another representation:
Using this property, we obtain the following contributions for the bilinear combinations of c sing taking into account the dimensional regularization of the singularity at − → k 1 → x − → ∆ (using eq. (111) and averaging it over angles):
At fixed − → ∆ the singularity of this expression at D → 4 is cancelled with the contribution from the fermion correction to the RRP vertex [12] . The integration over ∆ in the generalised BFKL equation leads to the infrared divergency at ∆ = 0 for D → 4:
The quark correction to the RRP vertex expressed in terms of the bare coupling constant does not give the singular contribution at small ∆. This divergency is cancelled with the doubled contribution of the quark correction to the gluon Regge trajectory [13] : 
Conclusion
In this paper using the helicity representation we simplified the gluon and quark production amplitudes in the quasi-multi-Regge kinematics for the final states (see eqs (59) and (72)). The corresponding next to leading contributions to the integral kernel of the BFKL equation were expressed in terms of the integrals from the squares of these helicity amplitudes over transverse and longitudinal momenta of produced particles (see eqs (82) and (108)). All infrared divergencies are extracted from these expressions in an explicit form and are regularized in the D-dimensional space. These divergencies should cancel with the analogous divergencies from the virtual corrections to the BFKL equation which were calculated earlier in refs. [11] - [13] . In the end of the previous section the cancellation of the infrared divergencies was demonstrated for the fermion contribution. The total next to leading correction to the integral kernel can be calculated in an explicit form in terms of the dilogarithm integrals. We shall do it in our next publications.
More complicated expressions are obtained for the second contribution. We begin with the squared amplitude:
1 − x∆ * − 1 . It can be presented in the following form convenient for the subsequent integration:
The interference term for the quark-anti-quark production is given below:
Gluon production amplitude in the multi-Regge kinematics; the crossing channel gluons with momenta q 1 , q 2 , ..., q n+1 are reggeized. 
